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Abstract 

We consider singular perturbed eigenvalue problem for Laplace operator 
in a cylinder with frequent and nonperiodic alternation of boundary con- 
ditions imposed on narrow strips lying in the lateral surface. The width 
of strips depends on a small parameter in a arbitrary way and may oscil- 
late fast, moreover, the nature of oscillation is arbitrary, too. We obtain 
two-sided estimates for degree of convergences of the perturbed eigenvalues. 

1 Introduction 

This paper is devoted to the study of eigenvalue problem with frequent alternation 
of boundary conditions. The main feature of such boundary conditions is as follows. 
One should define the subset of a boundary consisting of a great number of disjoint 
closely-spaced parts of small measure. The boundary condition of one type is 
imposed on this subset, while one of another kind is settled on the rest part of 
the boundary. Papers devoted to homogenization of the elliptic problem with 
frequent alternation of boundary condition appeared in the second half of the last 
century (see, for instance, (HI El UIH U21 EG3 UE] ) • Nonlinear elliptic boundary value 
problems involving frequent alternation of boundary conditions were treated in 
PQEII- in PQ they solved the problem numerically, while in ^3] the homogenization 
theorems were proved. In the papers initial-boundary parabolic problem 
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with frequent alternation of boundary condition were considered and, in particular, 
homogenization theorems were proved. 

Asymptotics expansion for the solutions to the elliptic problems with frequently 
alternating boundary condition are constructed last decade. Two-dimensional case 
for periodic structure of alternation was studied well enough (see jEl 13 H3 HE] and 
References of these works), nonperiodic case was considered in Asymptotics 
expansions for three-dimensional problems with periodic structure of alternation 
were established in PUSH]- The leading terms of asymptotics expansions for the 
solution to a parabolic problem with frequent alternation of boundary conditions 
were obtained in [TH HH] . 

In the present paper we study eigenvalue problem for Laplace operator in a 
cylinder. The lateral surface is partitioned into great number of narrow strips on 
those the Dirichlet and Neumann condition are imposed in turns. We deal with 
essentially nonperiodic alternation, moreover, the width of the strips may varies 
arbitrarily, including the cases of slow and fast oscillations of complicated nature. 
Under minimal restrictions to the structure of alternations we give best possible 
two-sided estimates for degree of convergences of the perturbed eigenvalues. 

We also note that estimates for degrees of convergence for another structure of 
alternation were obtained in jSJ HU EH UH1 UH] , where parts of the boundary with 
different boundary condition were assumed to shrink to points. 

2 Formulation of the problem and the main re- 
sults 

Let x = (x', 23), x' = (xi, X2) be Cartesian coordinates, u be an arbitrary bounded 
simply-connected domain in M? having infinitely differentiable boundary, Q = 
uj x [0, H] be a cylinder of height H > with upper and lower basis U\ and 
respectively. By s we denote the natural parameter of the curve duo, while £ is a 
small positive parameter: e = H/ (irN) , where N ^> 1 is a great integer. We define 
a subset of the lateral surface E of the cylinder Q, consisting of N narrow strips 
(cf. figure): 

7 e = {x : x' E did, —ea,j(s, e) < x 3 — en(j + 1/2) < ebj(s, e), j = 0, . . . , iV — 1}. 

Here aj(s,e) and bj(s,e) are arbitrary functions belonging to C°°(duj) and satisfy- 
ing uniform on e and j estimates: 



From geometrical point of view these estimates means that strips of the subset 7 £ 
associated with different values of j do not intersect. 
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Figure 1: 



We study singularly perturbed eigenvalue problem: 







x G Q 



(2) 



i> e = o, i e wi u 7, 



dv 



■V e = 0, iew 2 U(E\7 £ ), 



(3) 



where z/ is the outward normal. 

The object of the paper is to find out the limits to the eigenvalues A e and 
to estimate the degree of convergences as e —>■ under minimal restrictions for 
the set 7 e . Earlier elliptic problem with boundary conditions Q were studied in 
El HI E| • In the paper [Oj they studied the homogenization of the elliptic problem 
in a circular cylinder with boundary conditions (JHJ) under additional assumption 
that dj(s,e) = bj(s,e) = 77(e), j = 0, ... ,N — 1, where T](e) is a some function. 
Geometrically this assumption means that the set 7 e is periodic and all strips have 
same constant width. In [3J 0] under the same assumptions complete asymptotics 
expansions for the problem (J2J), (J3J) were constructed. The case of arbitrary section 
and periodic distribution of the strips of slowly varying width was treated in 0] • 
In it was assumed that a,j(s,e) = bj(s,e) = r)(e)g(s), where g(s) € C°°(dLo), 
< c < g(s) < 1, and the function rj(e) satisfies the estimate < 77(e) < 
7r/2. The leading terms of the asymptotics expansions for the eigenelements were 
constructed, moreover, the definition of aj and bj mentioned above played essential 
role in construction of these asymptotics. At the same time, the question on 
behaviour of the eigenvalues of the problem (J2J), ©for arbitrary functions aj and 
bj is open. Clear, the arbitrary choice of the functions aj and bj leads, generally 
saying, to the set % of nonperiodic structure. Moreover, the functions a 3 (s, e) and 
bj(s,e) may oscillate fast on s. Such oscillation takes place under, for instance, 
following choice of the functions aj and bf aj(s,e) = bj(s,e) = rj(e)g(s/a(e)), 
where 77(e) is a rough width of the strip, g G C°°(du), a(e) ► 0. We stress, 



that in the example shown the leading terms of the asymptotics expansions for the 
eigenvalues of the problem (J2J), (jUJ) will differ from the similar results of the papers 
j3 El El and will depend essentially on the function a(e). If the set 7 e is nonperiodic 
and the width of all or some strips oscillates fast, and also, these oscillations have 
arbitrary nonperiodic on s structure (cf. figure), the question of constructing the 
asymptotics expansions for the eigenvalues of the problem (j2J), (JB|) becomes very 
complicated and can be solved only under some additional constraints for the 
functions aj and bj. That's why to estimate the degree of convergence for the 
eigenvalues of the (J2J), (JHJ) is a topical question. Exactly this question is solved in 
the present paper. 

Now we proceed to the formulation of the main results. We take the perturbed 
eigenvalues in ascending order counting multiplicity: A £ < A 2 . < . . . \ k < ... 
Limiting eigenvalues defined below are assumed to be taken in the same order: 

Aq < Aq < . . . Aq < . . . 

Theorem 2.1. Suppose the inequalities (QJ) and 

77(e) < aj(s,e), T](e) <bj(s,e), 

hold, where 77(e) is an arbitrary function obeying the estimate < 77(e) < n/2 and 
the equality: 

lime In 77(e) = 0. 

e^O 

Then uniform on e and 77 estimates 

-c fc e(|lnr/| + l)< A £ fc - A* < (4) 
hold true. Here Ck > are constants, Aq are eigenvalues of the problem 

- Aip = \ ip , x en, 

d (5) 
ipo = 0, iG^US, t^-V'o = 0, x G uj 2 . 

av 

Theorem 2.2. Suppose the inequalities 

rjo(e)rj(e) < %(s,e) < 77(e), r7 (e)77(e) < bj(s,e) < 77(e), 
holds, where 770(e) and 77(e) are arbitrary functions obeying the equalities: 

lime In 770(e) = 0, lim — — = —A, A = const > 0. 

e^o e^oe In 77(e) 

Then uniform on e and rj estimates 

-c fc (7i(e)+e 2 + e In 770(e)) < \ k £ - X k < c fc (/x(e) + e 2 ) (6) 



hold true. Here > are constants, 



Ag are eigenvalues of the problem 

— = A ^(b x E £1, ip = 0, x G ui, 

d ( d A (7) 

—ipo = 0, x e u 2 , \— + A\'ip = 0, x e £. 

Theorem 2.3. Suppose the inequalities 

< aj(s,e) < 77(e), < bj(s,e) < 77(e) 
/ioZd, where 77(e) zs an arbitrary function obeying an equality: 

lim 1 = 0. 

e^O £ In 77(e) 

Tnen uniform on e and 77 estimates 

< A* - A fc < c fc u(e) (8) 
ao/d trite, i/ere > are constants, 

* = Ke) = -J^KTy 

Aq are eigenvalue of the problem as A = 0. 

Remark 2.1. We note that the hypotheses of the Theorems 12 . Hl2~3l admit the non- 
periodic set 7 e . Moreover, this set may contain strips of width varying arbitrary, 
in particular, strips of fast oscillating width. For instance, the case shown in the 
figure is included under consideration. 

Remark 2.2. We stress that the estimates (j3J), (JEJ), © are best possible. More con- 
cretely, under hypothesis of each theorem there exist function aj and bj, for those 
the degree of convergence has the smallness order exactly as given in the estimates 
(jU), ©, ©• This statement will be established in the proofs of Theorems 12 . 1H2 . 3l 



3 Proof of Theorems EDE? 



The proof of Theorems 12. 1412731 is based on the following auxiliary statement. 

Lemma 3.1. Suppose the subsets 7 £i * and 7* of the lateral surface S satisfy 

Is,* C le C 7e *, (9) 

and let A^ t and A*' fe be eigenvalues of the problem Ttratn 7 e replaced by 7 £) * 

and 7*, respectively. Then the estimates 

xt < A* < K> h (10) 

are valid. 
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This lemma can be proved in a standard way on the base of minimax property 
of the eigenvalues of the problem (0), ©• 
Proof of Theorem \2. 11 Let 



7 e> * = {x : x' E du, \x 3 - eir{j + 1/2) | < ei]{e),j = 0, . . . ,N - 1}, 7e * = £. 



In accordance with hypothesis, these sets meet the inclusions (JHJ). The set 7 £i * 
being periodic, the asymptotics 



hold. Here X k are some constants, Ag are eigenvalues of the problem Q. In 
the case of simple eigenvalue Ag this asymptotics was constructed formally in [2] . 
The case of eigenvalue Ag of arbitrary multiplicity was studied rigorously in [I] 
under assumption rj = const, u is a unit circle. These additional assumptions 
are not essential and the asymptotics (jllj) can be proved completely by analogy 
with (21 E] ; the rigorous two-parametrical estimates for the error term can be easily 
established on the base of the results of [Hj. Since 7* = £, it follows that \* £ ' k = Ag. 
Substituting these equalities and asymptotics (fTTjl into (fTUJ) . we get 



where Ck > are some constants. This implies the needed two-sided estimates. 
These estimates are best possible. Indeed, taking a,j(s,e) = bj(s,e) = r](e), we see 
that A^ meet asymptotics (JTTJ), i.e., 



Proof of Theorem \2M The scheme of the proof is same with one of Theorem l2.11 
The sets 7ei * and 7 * should be defined as follows 

7e ,* = {x : x' G du, \x 3 - eiT(j + 1/2) | < er] (e)ri(e),j = 0, . . . , N - 1}, 
7e * = {x:x'e du, \x 3 - eir(j + 1/2)| < er]{e),j = 0,...,N-1}. 

By the hypothesis, these sets obey inclusions 0. The corresponding eigenvalues 
A** and A*' fe have the asymptotics 



A^ = Ao + £Ailnsin?7 + o(£:(|lnr7| + 1)) 



(11) 



X k + c k e(\\n V \ + l)<X k £ <X k , 



X k -X k = 0(e(\\n V \ + l). 



□ 



A*„ = Ao + ZiA^ + e^o + od/il +e 2 ), 
X* £ ' k = X k + vX k 0>1 + e 2 X k lfi + o(\n\ + e 2 ). 



Here A*„- are some constants, Ag 



are eigenvalues of the problem (jZj) 



H = fi(e) = —A — 



1 



£ In r] r] 
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For the case of simple eigenvalue Ag and arbitrary section u, as well as for the 
case of multiply eigenvalue Ag and circular section ui these asymptotics were found 
in El- The technique of these two papers can be easily applied to the case 
of arbitrary section ui and multiply eigenvalue A*. The asymptotics for A** and 
X*' k , definition of Jl and inequalities yield needed estimates for degree of 
convergence. Unimprovability for these estimates is established by analogy with 
Theorem 12.11 □ 
The proof of Theorem 12.31 is similar to proof of Theorems 12.11 12.21 Here sets 
7 £i * and 7* and asymptotics for corresponding eigenvalues A^, A* ,fc (OIHj) are as 
follows: 

7e ,* = 0, 7e * = {x : x' e du, \x 3 - eir{j + 1/2) | < eq[e),j = 0, . . . , N - 1}, 
A** = ^o> K' k = Ag + A^/z + o^), 

where Ag x are some constants, Ag are eigenvalues of the problem (J7J) with A = 0. 
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